
CS 357:   Algorithmic Game Theory
Lecture 10:  Stable Matchings

 
Shikha Singh



• Pick up HW 5 due Tuesday after break (April 8)
• Midterm graded feedback returned

• Median:  87%,   Mean: 82%
• Bonus +2 for silly mistakes
• Performance breakdown by question below
• If anything in the feedback is unclear, please reach out
• Only 15% of your final grade
• Value growth,  there is another exam on April 29

Announcements



• Pick up HW 5 due Tuesday after break (April 8)
• Mechanism Design of School Choice

• New algorithm:  Top Trading Cycles!
• Paper evaluation #2 due on Friday 1 pm 
• What you need to do

• Part A.  Fill out google form (individual)
• Part B.  Answer both short questions & 1 proof (group)

• Bring joint write up to class
• Each group will be asked to present in class, for efficiency,  please 

prepare slides this time!
• You can submit a PDF/print out of the slides as your write up

Paper Eval #2 on Friday



Two-Sided Matching Markets



• Consider a two-sided market:

• A set  of  hospitals, a set  of  students 
• Each hospital has a complete and strict preference ranking of 

students
• Each student has a complete and strict preference ranking of 

hospitals

• Goal.  A perfect matching  that is stable (has no blocking pairs)

• A hospital  and student  form a blocking pair   in a 
matching  if  prefers  to its current match in  and  prefers 
 to its current match in 
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Two-Sided Markets



Stylized History:  
the "Stable Marriage" Problem

The Tinder algorithm explained: Vox

The Dating Market:  Medium Dating apps are awful. But this algorithm offers just one match: your 
“backup plan.” - Vox



1962, The American Mathematical Monthly 

1992

2003

2018

2008

Stylized Model of "Marriage" or "Dating"



• In 1900s matching medical residents to hospitals was decentralized  
• Increasingly competitive 

• By the 1940s, appointments were often made as early as the 
beginning of the junior year of medical school

History of Stable Matching 

"Who Gets What and Why" by A Roth

The market for law school graduate is also known for these problems. 
Roth in this article “Who Gets What And Why” quotes a law 
school student who in 2005, on a flight from her 1st interview to 2nd 
interview, got 3 voicemail messages: the 1st extending an offer from 

where she just interviewed; the 2nd to urge her to return the call soon; 
and the 3rd to rescind the offer.  Her flight was only 35 mins long!



• In 1900s matching medical residents to hospitals was decentralized  
• Increasingly competitive 

• By the 1940s, appointments were often made as early as the 
beginning of the junior year of medical school 

• In 1945, a variant of deferred acceptance implemented by AAP 
(American Associated of Pediatrics) and NRMP (National 
Resident Matching program) to match residents to hospitals 

• This was the invention of "the match"

Why have Centralized Markets

"The Origins, History, and Design of the Resident Match" by A Roth



Nobel Prize 2012: Shapley & Roth



• Empirical evidence in support

• In UK in the 60s, residency programs decided to move from a 
decentralized system to a centralized clearinghouse

• The details of the implementation were left to individual regions 
• Roth looked at data from 7 regions

• Two followed a stable implementation; they remain in use today
• Five regions implemented unstable variants, 3 of which did not 

survive long (due to poor participation and negotiations outside the 
system)

Why Stability: The Story of NRMP



• Input:   applicants 
and  jobs, complete 
preference lists

n
n

Classic Stable Matching Problem

• Output: a perfect 
matching  that is 
stable (no applicant and 
job prefer each other to 
their match)
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Classic Stable Matching Problem
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Unstable pair:  



Classic Stable Matching Problem

[Gale Shapley 1952] A perfect stable matching always exists!
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• Proceeds in rounds 
• Each unmatched 

applicant "proposes" to 
their most preferred job 

• jobs retain the best 
proposal they have 
received & reject others 

• Matching is finalized when 
each applicant is matched

Deferred Acceptance (DA) Algorithm

[Gale Shapley 1952] A perfect stable matching always exists!
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Classic Stable Matching Problem
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Classic Stable Matching Problem
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Classic Stable Matching Problem
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Classic Stable Matching Problem
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Classic Stable Matching Problem
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Stable Matching Found

• Output matching is applicant optimal and job pessimal 



Switch to hospital-proposing-to-students DA 



Deferred Acceptance Properties
Lemma 1.  DA algorithm always produces a stable matching.

Proof. (By contradiction) Let  be the resulting matching. Suppose 
 such that  and

•  prefers  over  and  prefers  over  

Thus  must have offered to  before 

• Either  broke the match to  at some point for some , or  
already had a match  that  preferred over 

But students always trade up, so  must prefer final match  over , 
which they prefer over .  

M
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Deferred Acceptance Properties
• The deferred-acceptance algorithm does not specify the order in which 

the hospitals should make offers
• Do all orders produce the same unique matching?
• Given an input instance, there may be several stable matchings.
• Question.  Does Gale-Shapely produce the “best matching” for 

hospitals or students?
• Turns out hospital-proposing algorithm produces a unique matching 

that is hospital optimal and student pessimal
• Matches hospital to “best achievable” student and student to 

“worst-achievable” hospital among all stable matchings



Best Achievable Partner
• Lemma.   is the unique output of the 

hospital-proposing deferred-acceptance algorithm.

• Proof (By Contradiction).  Suppose  is the first round where a 
hospital  is rejected by 

•  instead holds on to offer from 

• Claim.  

• Suppose not, suppose , then since  proposed to 
 by round ,    must have proposed to  before round  and 

already been rejected

• This contradicts the  is the first round where a hospital  is the 
first hospital to be rejected by  

M* = {(h, best(h)) |h ∈ H}
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Best Achievable Partner
• Lemma.   is the unique output of the 

hospital-proposing deferred-acceptance algorithm.

• Proof (By Contradiction).  Suppose  is the first round where a 
hospital  is rejected by 

•  instead holds on to offer from 

• Claim.   

• Let  be a stable matching s.t. 

• Claim.   is a blocking pair for matching , why?

•  prefers  to  because they rejected  in  for , and  
prefers  to all other stable partners, including one in  

M* = {(h, best(h)) |h ∈ H}

k
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s* = best(h′ )
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Pareto Efficiency
• Are stable matchings Pareto optimal?

• Not among all matchings, that is, an unstable matching may Pareto 
dominate a stable matching

• Example 1 in the School Choice paper

• Lemma.  Let  be the output of the hospital-proposing deferred-
acceptance algorithm on input , then  is not Pareto dominated by any 
other stable matching on .

• Ideas on why this holds, how to prove it?

M*
I M*
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Strategyproofness and Stability
• Question.  Is truthful reporting a dominant strategy for hospitals in a 

hospital-proposing DA?

• Yes, while intuitive, this can be surprisingly annoying to prove

• See Theorem 10.6.18 in http://www.masfoundations.org/mas.pdf 

• Challenge:  stability is wrt to reported preferences

• Proof is simpler if you allow "short lists"  (agents to cut off their 
preference lists)

• We will develop this proof on the next assignment

http://www.masfoundations.org/mas.pdf


Strategyproofness and Stability
• Question.  Is truthful reporting a dominant strategy for students in a 

hospital-proposing DA?

• No, let's do a counter example as an exercise



• Consider the following truthful preference profile

• Does there exist a student such that if they reported a different preference 
profile, they would get a better match (all else fixed)?

1st 2nd 3rd
Aamir MA OH NH
Beth OH MA NH
Chris MA OH NH

1st 2nd 3rd
MA Beth Aamir Chris
NH Aamir Chris Beth
OH Aamir Beth Chris

Class Exercise



• Stable matching under truthful preferences: 

• (MA, Beth), (NH, Chris), (OH, Aamir)

1st 2nd 3rd
Aamir MA OH NH
Beth OH MA NH
Chris MA OH NH

1st 2nd 3rd
MA Beth Aamir Chris
NH Aamir Chris Beth
OH Aamir Beth Chris

Class Exercise



• Suppose Amir misreports:  swaps NH and OH 

• New stable matching?

• (MA, Aamir), (NH, Chris), (OH, Beth)

1st 2nd 3rd
Aamir MA NH OH
Beth OH MA NH
Chris MA OH NH

1st 2nd 3rd
MA Beth Aamir Chris
NH Aamir Chris Beth
OH Aamir Beth Chris

Class Exercise

DA is not strategyproof (the 
receiving side can misreport 
and achieve a better match)



Can't Have Both
• Can there be a mechanism that is both strategy proof and stable?

• Unfortunately, no

• Theorem.  No mechanism for two-sided matching is both stable and 
strategyproof.

• Proof partly developed in Assignment 3

• Many interesting questions: 

• How much information is needed to find a useful manipulation?

• What is the optimal manipulation cheating strategy 

• Empirically manipulations do not play a large role

• If not many stable partners, can't gain much



Evolution of the Match
• NRMP Revisited.  The original 1952 implementation of the DA 

algorithm was the hospital-optimal version

• Students protested that the match was favoring hospitals



Evolution of the Match
• A new algorithm was adopted in 1997 

• Primary motivated was to give couples the option to get placed 
in geographically nearby programs

• But in addition was made student-proposing 

• Changes incentives for hospitals, but did it make a difference?

• Empirically, at least for the datasets arising in NRMP, less than 1% of 
the hospitals could have benefited by misreporting



Stable Matching Summary
• Hospital-proposing DA is hospital-optimal and student pessimal, 

among all stable matchings (regardless of the order of proposals)
• Stability matchings are not Pareto optimal overall, but are Pareto 

optimal among the set of all stable matchings
• Stable matchings are only strategyproof for the proposing side and 

cannot be strategyproof for both sides
• Lots of generalizations:

• Incomplete preferences and ties
• Stable "roommates" problem
• Many-to-one stable matchings
• Approximately stable matchings



Active Area of Research

Nov 2024 Jan 2025

2021

Mar 2024


